The high-temperature expansion coefficients of the ordinary and the higher susceptibilities of the spin-1/2 nearest-neighbor Ising model are calculated exactly up to the 20th order for a general d-dimensional (hyper)-simple-cubical lattice. These series are analyzed to study the dependence of critical parameters on the lattice dimensionality. Using the general d expression of the ordinary susceptibility, we have more than doubled the length of the existing series expansion of the critical temperature in powers of 1/d.
I. INTRODUCTION
We have derived high-temperature(HT) expansions of the ordinary and the higher susceptibilities (see the definitions in Section II) of the spin-1/2 Ising model exactly up to the 20th order for the general d-dimensional (hyper)-simple-cubical(hsc) lattices.
These expressions are obtained by interpolation of the HT series expansion coefficients of the susceptibilities over the integer values of the lattice dimensionality, and not by analytic continuation. Thus they have no obvious uniqueness properties when d is allowed to take noninteger values. A priori a different dependence of physical quantities on the dimensionality might result from different possible interpolations, such as that obtained by formulating the Ising model on a fractal lattice 1,2 , whose Hausdorff dimension can be varied continuously, or also in other ways
3 . An analogous situation is known to occur for the n-vector model, whose HT series coefficients can be interpolated 4 by rational functions of n. Of course, non-integer values of d (or similarly of n) might in some cases have no physical meaning 5 . The expansions [6] [7] [8] of the physical quantities in powers of 1/d, i.e. around the mean-field (MF) approximation (or in powers 9 of 1/n, i.e. the expansions around the spherical model limit), are related with these analytic representations in terms of d (or of n).
Our results not only provide reference data in a compact form for the higher susceptibilities, which are generally difficult to compute by methods different from series expansions, but also make a variety of other investigations possible. For example, in discussing [10] [11] [12] [13] [14] [15] [16] how the finite-size-scaling behavior 17 changes for systems above the upper critical dimensionality, accurate estimates of the critical parameters are needed as benchmarks. Our data can also help to assess the accuracy of estimates of physical parameters obtained from approximations of a different nature, such as the the ǫ = 4 − d expansion 9, 18 of the renormalization group theory, the fixed-dimension renormalization group 19 , the 1/d-expansion 6, 8 , the MonteCarlo(MC) simulations, etc.. It is appropriate at this point to observe that the MC simulations become increasingly time-and memory-demanding as the lattice dimensionality d grows, whereas the non-analytic corrections to scaling in the asymptotic critical behavior of physical quantities, that usually make the HT series analyses a delicate matter and are the main source of their uncertainties, become simpler and smaller 20 with increasing d. Thus even moderately long HT expansions can lead to very accurate estimates already for not very large d.
It is also worth mentioning that extremely long, although approximate HT expansions of the ordinary susceptibility have been recently generated 21 by a MC method for the hsc lattices of dimensionalities d = 5, .., 8 and used to test the accuracy of the "extended scaling" ideas [22] [23] [24] above the upper critical dimension. The results of this investigation can now be compared with those from the analysis of our far shorter, but exact expansions.
The expressions presented here are obtained from recently derived [25] [26] [27] HT and low-field series expansions of the magnetization in presence of an external magnetic field for the spin-1/2 Ising model with nearest-neighbor interactions. Actually, we have produced a wider ranging set of data including as well other spin-systems in the Ising model universality class, such as the general spin-s Ising model and the lattice scalar-field theories with polynomial self-interaction and thus, also for these models we are able to write exact expressions valid for general d-dimensional hsc lattices.
Our derivation of the HT and low-field series, that significantly extend the longest known results, even in zero field 4, [28] [29] [30] [31] [32] , have been performed for the lattice dimensionalities d = 1, 2, ...10. The expansions are carried to the 24th order in the case of the (hyper)-body-centered-cubical lattices, but they are slightly shorter in the case of the hsc lattices: we have obtained the 24th order for d < 5, the 22nd for d = 5, the 21st for d = 6, the 20th for 7 ≤ d ≤ 10.
The layout of the paper is the following: in the second Section, we set our notations and tabulate the expansion coefficients of the ordinary susceptibility as closed-form polynomials in the coordination number q = 2d. The corresponding data for the higher susceptibilities are reported in the appendix. The printed version of this paper 33 contains no appendix and the data for the higher susceptibilities are retrievable as Supplemental Material at the URL: http://link.aps.org/supplemental/10.1103/PhysRevE.86.011139. In the third Section, we discuss the results of some analyses of these series. The last Section contains our conclusions.
II. THE ISING MODEL IN GENERAL DIMENSION
The partition function of a spin-1/2 Ising system with nearest-neighbor interactions, in the presence of an external magnetic field H, on a finite d-dimensional lattice of N sites can be written as
Here s i = ±1 denotes an Ising spin variable associated to the lattice site i. The first sum extends to all configurations of the spins, the second to all distinct pairs < ij > of nearest-neighbor spins and the third to all spins. We shall set K = J/k B T , with T the temperature, J the exchange coupling, k B the Boltzmann constant, and h = H/k B T the reduced magnetic field. In terms of the variable v = tanhK, the HT expansion coefficients are simple integers and so this variable is more convenient for the data tabulation.
In the thermodynamic limit N → ∞, the specific free-energy F (h, K; d) is defined by
The specific magnetization M(h, K; d) is defined by
Our HT calculation of the field-dependent magnetization, has yielded significant extensions of the existing HT expansions in zero field for the 2p-spin connected-correlation-functions at zero wave-number and zero field χ 2p (K; d) (usually called "higher susceptibilities"). These quantities are defined by the successive field-derivatives of the specific magnetization
at zero field. The even field-derivatives of the magnetization vanish at zero field in the symmetric HT phase, while all derivatives are nontrivial in the broken-symmetry low-temperature phase.
The HT expansion coefficients of the susceptibilities at a given order l in K are usually computed as sums of contributions classified in terms of graphs having l edges. To each graph we associate a weight depending on the symmetry of the graph and on its free-multiplicity, i.e. the number of distinct ways (per lattice site) in which the graph can be embedded in the lattice, associating each vertex to a site and each line to a nearest-neighbor bond 34 . Only the latter quantity, technically denoted as "free-lattice-embedding number" within the linked-cluster HT expansion method, depends on the lattice dimensionality. An analysis of these numbers for the various classes of graphs, like that performed in Refs. [6, 7] leads to the conclusion that, at any given expansion order l, the HT series coefficients of the ordinary and the higher susceptibilities can be written as simple polynomials in the lattice dimensionality d of degree at most l. It is then clear that a straightforward prescription to represent the HT series coefficients of a susceptibility as polynomials in d up to the order K lmax , consists in repeating the computation of the HT series for lattices of dimensionalities d = 0, 1, ..., l max and then in interpolating each series coefficient with respect to d. Unfortunately, this straightforward strategy works only for relatively small orders of expansion, since, in the case of the hsc lattice the combinatorial complexity of the computation of the graphembedding numbers grows large exponentially with the dimensionality.
Here we take advantage of a well known result that is helpful in mitigating this difficulty. It was shown long ago 35 that the HT expansions of the successive derivatives of the magnetic field with respect to the magnetization ∂ 2p+1 h/∂M 2p+1 at zero magnetization, for p = 0, 1... contain only star graphs, i.e. connected graphs having no articulation vertex. This property can be very simply understood observing that in field-theoretic language these derivatives define the connected amputated one-particle-irreducible correlations at zero wave-number.
This property was sometimes used to restrict the number of graphs contributing to the HT expansion of higher susceptibilities. What is interesting for our aims is the fact that the lattice-embedding number of a star graph with l edges is a polynomial in d of degree [l/2] at most. Here [l/2] denotes the integer part of l/2. The higher susceptibilities are simply related to the quantities ∂ 2p+1 h/∂M 2p+1 : (10) and so on. Then it transpires that it is sufficient to interpolate the HT series expansion coefficients of the combinations of (higher) susceptibilities on the rhs of eqs. (5),..., (10) etc. only over the dimensionalities 1 ≤ d ≤ [l/2], to obtain the representations of these quantities for general d through the l-th order in K. Finally, from these results the representations of the single higher susceptibilities can be easily recovered. This simple remark leads to a decisive reduction of the combinatorial complexity of the necessary calculations. In our case, only the knowledge of the HT expansions of the (higher) susceptibilities for all hsc lattices with d ≤ 10 up to the 20th order is sufficient to obtain the expression of these susceptibilities for general d up to the same order. The fact that the coefficient of order K l in χ 2p (K; d) must be a polynomial in d of degree l, while the corresponding coefficient at the same order in the expansion of
, provides a simple consistency check of our computations.
A brief technical comment on a detail of the calculation is appropriate at this point, since most of the computing time goes into counting the number of lattice embeddings of each graph for relatively large lattice dimensionality. The first step of the computation consists in ordering appropriately the vertices of the graph and in placing the first of them at the lattice origin. The second step consists in counting the possible positions, of coordinates (x 1 , .., x d ), for the second vertex. It is crucial to optimize this step by using the hypercubical symmetry to restrict the possible positions of the second vertex to the fundamental region 
III. THE HT EXPANSIONS
Expressions like those obtained here have already appeared at lower orders in the literature for the spin-1/2 Ising model 6,36-38 with nearest-neighbor interaction. In the case of the ordinary susceptibility χ 2 (K; d), they reached at most 37 the 15th order, while for χ 4 (K; d) and χ 6 (K; d) they were computed 38 only up to the 11th order. For brevity, we shall report our results in the Table I only We shall tabulate here also the coefficients of order < 16, although they reproduce those already listed in Ref. [37] . A simplification of the expressions of the coefficients is obtained by using the variable q = 2d rather than the variable d used in Ref. [37] . As already pointed out, we can produce analogous formulas also for the other models in the Ising universality class for which we have computed the HT expansions of the magnetization, but they will not be presented here. n (d) with n < 16 that were already tabulated in Ref. [37] in terms of the variable d, whereas here we have used the variable q = 2d. It should also be stressed that also in Ref. [37] the series coefficients refer to the expansion variable v like in this Table and not to the variable K as erroneously stated. 10 Continued on next page n (d) with n < 16 that were already tabulated in Ref. [37] in terms of the variable d, whereas here we have used the variable q = 2d. It should also be stressed that also in Ref. [37] the series coefficients refer to the expansion variable v like in this 
IV. HIGH DENSITY EXPANSION OF THE CRITICAL TEMPERATURE
By solving recursively the equation
with the Ansatz
.. an expansion of the critical temperature in inverse powers of q was computed in Ref. [6] up to the fifth order. We confirm the results of Ref. [6] , (which are expressed in terms of the variable K rather than the variable v used above) and, taking advantage of our data, we are able to carry the 1/q expansion to the 12th order: A fifth order expansion of the same kind for K c (d) was also obtained 7 for the n-vector model. All these expansions are presumably of asymptotic character, but so far this property has been established 7 only in the case of the spherical model, i.e. in the large n limit.
V. SERIES ANALYSES
We shall now very briefly discuss the numerical estimates of some non-universal critical parameters of the spin-1/2 Ising models for d > 4. In particular, we shall use the expansion of χ 2 (K; d) to locate the critical points K c (d). We shall also estimate the critical amplitudes of the five lowest-order susceptibilities and a few universal ratios of these. In our analysis, we have simply assumed that all (higher) susceptibilities show MF exponents of divergence, as also our recent work 25, 26 has contributed to confirm numerically. The critical parameters are defined by the asymptotic critical behaviors of the susceptibilities
as We can only briefly outline the now standard numerical approximation techniques that we have used for these analyses, since a more detailed discussion was already given in Refs. [25, 26, 28] . We have mainly employed the differential approximant(DA) method, that generalizes 39 the elementary well known Padé approximant method, to resum the HT expansions up to the border of their convergence disks. This technique estimates the values of the finite quantities or the singularity parameters for the divergent quantities from the solution, called differential approximant, of an initial value problem for an ordinary linear inhomogeneous differential equation of the first-or of a higher-order. Various differential equations can be formed from a given series expansion. For each of them, the coefficients are polynomials in the expansion variable, defined in such a way that the series expansion of the solution of the equation equals, up to some appropriate order, the series to be approximated.
Sometimes, to determine the location of the critical points, it is more convenient to use a smoother and faster converging modification 28, 39, 40 , called modified-ratio-approximant(MRA) of the traditional methods of extrapolation of the series coefficient-ratio-sequence. The MRAs produce sequences (K (r) c (d)) of approximations of the critical point that can be easily extrapolated to large orders r of expansion and therefore in some cases they may yield more accurate estimates than the DAs for which the analogous extrapolation is somewhat arbitrary. Let us finally stress that, when using the DAs the evaluation of the uncertainties has not the same meaning as for MCs, but remains subjective to some extent and only indicates a small multiple of the spread of the values of a conveniently large sample of the highest-order approximants, formed from all or most expansion coefficients. If the sample averages remain stable as the order of the series grows and it can be assumed that stability indicates convergence, than the spread can be seen as a reasonable measure of the uncertainty of the results.
For the critical inverse temperatures K c (d) of the systems under study, we consider our best estimates those reported in Table II . They are obtained from the HT expansion of the ordinary susceptibility χ 2 (K; d) by extrapolating to large order of expansion, a few (from four to six) highest-order terms of the MRA sequence of estimates (K (r) c (d)) of the critical inverse temperature, basing on a fit to their simple asymptotic behavior
A small multiple of the fit error is taken as the uncertainty of the final estimate.
In the case of six-dimensional lattices, we expect θ = 1. Therefore the second term on the right-hand side of eq. (14) vanishes and it must be replaced by a higher-order term reflecting the exponent of the next-to-leading correction to scaling in eq. (13) . In the d = 5 case, in which one expects θ = 1/2, the coefficient of 1/r 1+θ in eq. (14) appears to be numerically negligible, so that the situation is similar to that of the six-dimensional case. In general, to avoid making assumptions on the values of the exponents of the next-to-leading correction to scaling, we have assumed an asymptotic form K (14) is actually determined by the next-to-leading, rather than the leading correction to scaling. On the other hand, for d = 5 and d = 6, a measure of the exponent θ(d) of the leading corrections to scaling, whose amplitudes a 2p (d) are probably not negligible in spite of the fact that they are not seen by the MRAs, can be performed studying by DAs the critical behavior of appropriate universal ratios of higher susceptibilities, such as those introduced below in eqs. (16), (17) and (18) . In these ratios the dominant critical singularities cancel, while the leading corrections to scaling generally survive and thus can be detected by DAs. This was already discussed in Ref. [26] . In conclusion, all these results are in reasonable agreement with the expectations 20,21 indicated above. In the Table II , we have also reported a few of the most recent estimates of the critical inverse temperatures obtained in the literature either from shorter HT series or from MC simulations, for the values of d considered in our study. Since, for d > 4, no logarithmic factors are expected to modify the leading MF behavior of the physical quantities, our series analyses are likely to yield estimates of a high accuracy, that moreover seem to improve with increasing lattice dimensionality, both because of the decreasing influence of the corrections to scaling and of the increasing lattice coordination number. All the results obtained from MRAs are consistent, within their uncertainties, also with the analyses employing DAs. In d = 5 dimensions, our estimate is slightly larger than other estimates 10,11 of similar nominal accuracy, but can be considered essentially compatible with those of Refs. [21, 37, 41, 42] . It is 26 . In particular for d = 5 our series extend to the 22nd order, and for d = 6 to the 21st order.
Source
Kc (5) Kc (6) Kc (7) Kc (8) Kc (9) Kc (10) HT This work 0.113920(1)* 0.092298(1)* 0.0777094(2) 0.067155(1) 0.059148(1) 0.052858(1) HT [37, 41] 0.113935(15) 0.092295(3) 0.077706(2) HT [42] 0.113915(3) MC [21] 0.113925(12) 0.092290(5) 0.077706(2) 0.067144(4) MC [12, 13] 0.11391(?) 0.09229(4) MC [14] [15] [16] 0.09229(4) 0.0777(1) 0.06712(4) MC [10] 0.1139152(4) MC [11] 0.1139139 (5) of interest to quote here also our estimate K c (5) = 0.113919 (2) 
to In the Table III, 
for r > 0. These universal ratios were introduced in Ref. [44] and were studied in detail for d = 4, 5, 6 in Ref. [ 25, 26] . 
VI. CONCLUSIONS
We have represented in a compact and exact form, as simple polynomials in the lattice dimensionality, the HT expansion coefficients of the (higher) susceptibilities in the case of the spin-1/2 Ising model on the hsc lattices of general dimensionality d. Our calculations add five more orders to the existing expansions of the ordinary susceptibility for general d and nine more orders to those of the fourth-and sixth-order susceptibilities. For the susceptibilities of order greater than the sixth no such data already exist in the literature.
An analysis of the series for lattice dimensionality d > 4 yields estimates of non-universal parameters that compare well with the previous results whenever available, but are generally more accurate. Our estimates of a few universal ratio amplitudes, provide a high accuracy check that, unsurprisingly they take MF values for d > 4.
Finally, using the general d expression of the ordinary susceptibility, we have been able to expand up to the 12th order the critical temperature in powers of 1/d more than doubling the length of the expansion already known in the literature.
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